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During my time in the REU program at the University of Michigan, my goal was to look at how
a dual network changes when the original network undergoes rigidity percolation. Using
Mathematica, I created an algorithm that generated the direct lattice and the equilibrium matrix
(Q). Currently, I am developing a code to create the dual lattice. Once this step is successful, I
will be able to look at the effects of rigidity percolation on the dual lattice and the states of
self-stress (SSS) of the direct lattice.

Background
To be able to successfully complete this project, it was
necessary that I developed a firm foundation about the
fundamental components of lattice structures. In a network,
the SSS are the tension distribution on bonds that results in no
net force on any sites [1]. These can be found by looking at
the Q matrix, which relates the tension of each of the bonds
with the force on each of the sites: Q · t = f . The dimension
of the null space of Q is equal to the number of SSS.
Maxwell reciprocal diagrams can be constructed from the SSS
of the original diagram. Two diagrams are said to be
reciprocals if (i) there are an equal amount of edges, (ii) the
corresponding edges are perpendicular to each other, and (iii)
the corresponding edges that form a face in one diagram
converge to a site in the other [2]. Figure 1 demonstrates this
idea, where A is the original diagram and A* is the reciprocal.
Also, to determine the length of the edges in the reciprocal
diagram, the SSS can be used. Since the total force on each
site is zero, this condition can be written as
site α

∑ ti bi = 0 ,
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where t is the tension of the bonds and b is the bond length [2]. As a result, they lead to a closed
polygon face in the reciprocal diagram A*. Any linear combination of the SSS gives a t vector,
and the magnitude of this vector will give you the length on the reciprocal bond.

Rigidity percolation is defined as the emergence/loss of a spanning rigid cluster as bonds are
randomly added/removed. In order for a lattice to be considered rigid, the average amount of
bonds per site (⟨z⟩) needs to be greater than or equal to two times the degrees of freedom of each
site. For example, a triangular lattice is considered to be rigid because it contains six bonds per
site. I mainly focused on the triangular lattice for the majority of my project because it is over
constrained and can undergo rigidity percolation.

Coding Process
To begin, I first needed to create a code for
the original lattice, which could then be used
to create its reciprocal. I used the kagome
lattice, shown in Figure 2a., as my direct
lattice. I defined the unit cell for it, which
consists of three sites and six bonds, and
drew the lattice by repeating the unit cell in
all directions. Then, I generated the Q matrix
for one unit cell, and was then able to find the
null space of that matrix, representing the
SSS. There were three basis vectors in the
null space, implying there are three SSS. To
create the reciprocal lattice, which is the dice
lattice shown in Figure 2b, I added those
basis vectors to define the tension vector, multiplied each bond length by its corresponding
tension, and rotated the result by ninety degrees, since the edges are perpendicular. Putting the
edges together, I created the unit cell for the reciprocal and graphed the whole lattice. Also,
because there are three SSS, there are at least three reciprocal diagrams that can be created. To
demonstrate this, I generated a code that used any linear combination of the SSS to create the
tension vector, and then went through the same process to determine the reciprocal diagram.
Some examples of this are shown in Figure 2c, 2d.
Now that I had a code that created a lattice, I
could move on to the next step; creating a
lattice that could undergo rigidity percolation.
Instead of looking at the individual unit cells,
I had to create an algorithm that treated the
whole lattice as a single unit cell. Using a
similar method as before, I created a small
triangular lattice, shown in Figure 3, and

defined periodic boundary conditions. This means that the sites repeat once they reach outside of
the lattice, implying that the whole lattice is repeated in all directions. Once this condition was
set, I developed a code that created the Q matrix of the whole lattice and found the SSS from
that. I was then able to determine the lengths of the corresponding edges in the reciprocal
diagram from those SSS. This provided me with a firm foundation to be able to create a code for
the reciprocal lattice.

Next Steps
I have been given the amazing opportunity to continue to work on this project with Prof. Mao
after this REU program. My next step for this project is to create the reciprocal lattice. To do
this, I need to design a code that will recognize the faces in the triangular lattice, and then use
that to create the corresponding site in the reciprocal diagram. Once this is developed, I will be
able to delete bonds or sites in the triangular lattice and look at how the reciprocal lattice
changes. Also, while deleting bonds, I will look at how the SSS change for the triangular lattice.
After we have these tools developed, we will collect data on the evolution of the reciprocal
lattice as the real space lattice is undergoing rigidity percolation, and we will extract statistical
relations from the dual pair, aiming at obtaining new understandings of the rigidity percolation
problem.
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